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Abstract. In this paper, it is investigated for an inhomogeneous Dirichlet 
problem with LP boundary data for polyharmonic equation in the upper half¬ 
plane. By using higher order Poisson kernels and Pompeiu operators, which 
are respectively due to Du, Qian and Wang [Z. Du, T. Qian and J. Wang, LP 
polyharmonic Dirichlet problems in regular domains II: The upper half plane, 
J. Differential Equations 252(2012), 1789-1812] as well as Begehr and Hile [H. 
Begehr and G. Hile, A hierarchy of integral operators, Rocky Mountain J. 
Math. 27(1997), 669-706], it is given that the unique integral representation 
solution under some certain estimates. 


1. Introduction 

In recent years, a great deal of activities were given to investigate boundary 
value problems (simply, BVPs) for higher order elliptic partial differential equations 
in various planar and higher dimensional domains. There were a lot of results 
exhibiting the development in this field [3 UI^[20H25l[2M3T] . Generally speaking, 
the development included two directions: one was to find out the explicit solutions 
for the model equations (such as biharmoic, polyharmonic, polyanalytic equations 
etc.) on some regular domains (for instance, the unit disc or ball, the upper half¬ 
plan or -space and so on); the other was to study the existence and uniqueness 
of solutions for general elliptic equations on general (non-smooth) domains (such 
as C^, Lipschitz, non-tangentially accessible domains (see [T7]) and so on) under 
some different a priori estimates. Now in both directions many works are mainly 
concentrated on the study of BVPs with low regularity data on the coefficients of 
the equations and the boundary of the domains. With such view, this article is 
touching on a result in the former direction. More precisely, this article is devoted 
to solve the following inhomogeneous polyharmonic Dirichlet problems with LP 
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boundary data in the upper half-plane, H, i.e. 

^ fA”u = g in H, 

Iu = fj on R 

with ||M(u — Tn,n,W.g — YTj=l -^( + l[/i ~ Tn-j^n-j,lig\)\\LP(K:) < C'( ||/o || Lp(R) + 
||(/||iP (H)), where 0<j<n — 1, H = {zSC: Rez G K and Imz > 0}, 9H = R, 
A(= A^) = 4,8^8^ is the Laplacian with 8^ = — i-^) and 8^ = + i-§-), 

z = X + iy G H, and R is the real axis; fj G Lp(R), g G which is a weighted 

LP space with certain weight w, p > 1; Tn-j^n-j,u and Mj are respectively higher 
order Pompeiu operators and Poisson integrals defined in Section 2 and 3; M(u) is 
the non-tangential maximal function of u, which is usually defined by 

M(F)(a;) = sup |F(z)| for a: G ^R, 

where Pa (a:) is the non-tangential approach cone with the vertex at (x, 0) and the 
aperture a > 0, viz., 

ra(a^) = G H : |Rez — x\ < almz}. 

It is noteworthy that all the boundary data in BVP (1.1) are non-tangential. 

In 2008, Begehr, Du and Wang studied the same boundary value problem with 
Holder continuous data on the unit disc but for the homogeneous polyharmonic 
equation [5]. In their paper, Begehr, Du and Wang found that an integral represen¬ 
tation solution for the problem could be given by some kernel functions satisfying 
some certain properties. Although there existed an inductive relation by the Lapla¬ 
cian among the kernel functions, it was hard to get the explicit expressions for the 
kernel functions and the integral representation solution by their method in terms 
of iterated poly-Cauchy integral operators. By studying the properties of the kernel 
functions stated in [5] and introducing some new ideas, Du, Guo and Wang firstly 
gave the unified explicit expressions for all the kernels functions on the unit disc in 
terms of some convergent series (see [315] for details, however, more concisely and 
understandably appeared in [in]). From then on, such kernel functions were called 
higher order Poisson kernels since they are higher order analogues of the classical 
Poisson kernel. Furtherly, Due to Du et ah, the higher order Poisson kernels were 
explicitly constructed for the upper half-plane, the unit ball and the upper half¬ 
space respectively, and the corresponding homogeneous polyharmonic Dirichlet 
problems (simply, PHD problems) on these domains were surely resolved by giving 
the integral representation solutions in terms of higher order Poisson kernels as ker¬ 
nel densities of the integrals [iiHia. More earlier, in 1997, to study higher order 
complex elliptic BVPs, Begehr and Hile introduced a class of kernel functions and 
defined a hierarchy of integral operators in terms of these kernels (see [3]), which 
are higher order analogues of the classical Pompeiu operators, or T and T operators 
as well as H and H operators familiarly analyzed in Vekua’s theory of generalized 
analytic functions [55]. So we call these integral operators introduced by Begehr 
and Hile to be higher order Pompeiu operators. In fact, Begehr and Hile’s kernels 
and integral operators are extremely useful in the study of explicit solutions for 
higher order complex elliptic BVPs but their importance were neglected for a long 
time. Even by using higher order Poisson kernels and Begehr-Hile kernels, it will 
be easy to get some Green functions associated with some higher order complex 
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elliptic operators for some planar domains. In this paper, we will take advantage 
of higher order Poisson kernels for the upper half-plane and Begehr-Hile integral 
operators (or higher order Pompeiu operators) to get the integral representation 
solution of the BVP (1.1) under a certain estimate, and as a byproduct to obtain 
a Green function associated with the polyharmonic operators on the upper half¬ 
plane. Nevertheless, the results in this paper are only the tip of the iceberg as 
applications of Begehr-Hile kernels and operators. Under more smooth conditions 
for the boundary data, the corresponding results in the case of the unit disc can be 
found in the dissertation due to Du [7]. 

2. Higher order Poisson kernels and Pompeiu opertors 

In this section, we sketchily present some results about the higher order Poisson 
kernels and Pompeiu operators. The details for these results can be seen in [mi]. 

2.1. Higher order Poisson kernels. It is well known that the classical Poisson 
kernel is the key ingredient in giving the explicit solution (i.e., Poisson integral) to 
the Dirichlet problem for Laplace equation on the upper half-plane (see [mus]). To 
solve a corresponding problem for the homogeneous polyharmonic equation on the 
upper half-plane, in Du, Qian and Wang constructed the higher order Poisson 
kernels for the upper half-plane (There these kernels were called to be higher order 
Schwarz kernels since they were expressed in terms of complex variables), which are 
higher order analogues of the classic Poisson kernel for the upper half-plane. The 
precise definition of these kernels is as follows: 

Definition 2.1. A sequence of real-valued functions of two variables {G„(-, 
defined on H x R is called a sequence of higher order Poisson kernels, and, precisely, 
G„(-, •) is the nth order Poisson kernel, if they satisfy the following conditions: 

(1) For all n G N,G„(-, •) G G(HxR); G„(-, t) G C^^{U) with any fixed t G R; 
and Gniz, •) G LP(M), p > 1, with any fixed z G H, and the non-tangential 
boundary value 

lim G„(z,<) = G„(s,t) 

zeH.,seiR 

exists for all t and s t; Gn{-, t) can be continuously extended to H\{t} 
for any fixed t G R; 

(2) Gi(z,t) = ^((^ — and G„(z,t) = 0,n > 2 and t G R, and for any 
n G N 

\Gn{z,t)\ < ^ 

uniformly onDcX{tGR: |t| > T} whenever z' G Dc, where Dc is any 
compact set in H, M, T are positive constants depending only on Dc and n; 

(3) {dzdz)Gi{z,t) = 0 and AG„(z,t) = G„_i(z,t) for n > 1; 

(4) lim i Gi{z,t)-f{t)dt = 7 ( 5 ), a.e., for any 7 G LP{R), p > 1; 

z—¥s,z^H. 

(5) lim I Gn{z,t)-f{t)dt = 0, for any 7 G LP(R), p>l,n>2, 

z—^s,z^i± 

where all the above limits are non-tangential. 
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To get the explicit expressions of these kernels, the following decomposition 
theorem of polyharmonic functions is crucial. 

Lemma 2.2 ( [Ill9]). Let D be a simply eonnected (bounded or unbounded) domain 
in the complex plane with smooth boundary dD, f be a real-valued n-harmonic 
function defined on D (i.e., A"/ = 0 in D), then for any zq S D, there exist 
functions fj, which is analytic in D and has at least jth order zero at zq, j = 

0 ,1 ,..., n — 1 such that 

where Re denotes the real part. Moreover, the above decomposition of f is unique 
in some certain sense (more precisely, see m- 

Remark 2.3. The above lemma is elementary. The biharmonic case was due to 
Goursat |16] . while two variants of the polyharmonic case can be respectively seen 

in Oil]. 

In our case, let Z? = H and zq = i, hy essentially using the above lemma, we can 
obtain 

Lemma 2.4 ( llljl. //G„(z, is a sequence of higher order Poisson kernels de¬ 
fined on HxR, i.e., G„(z, fulfills the aforementioned properties (1 )-(5) in Def¬ 
inition 2.1, then, for n > 1, there exist functions Gnp{z,t),Gn,i{z,t),... ,Gn,n-i{z,t) 
defined on H x K. such that 

Gn,j (z, t) , z G H, t G K., 

with 


{ n-l 

j=0 


{ n-l 

zoY 

3=0 


dzGn,j{z,f) = j ^Gn-l,j-l{z,f) 

for 1 < j < n — 1 , 


d’:Gr,Ai,t)=0 

for 1 < fc < j — 1 with respect to t G M. and 




n—1 

J2(z+iyGn,j{z,t). 

3 = 1 


Moreover, 


Gi{z,t) = - 


2i \t — z t — z 


is the classical Poisson kernel for the upper half plane. All of the above Gn,j G 
{PI X L^)(H X R) (i.e., Gn,j is eontinuous in H x K, Gn,ji-, t) is analytie in H for 
any fixed t S R and Gn,j{z, •) G Lp(R) for any fixed z G 'R) , the non-tangential 
boundary value 

lim Gji^j{z,f) — Gji^j{s,Pj 
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exists on K., except t € M. and Gnjis, •) S LP(R) for any fixed s S R. We can 
further show that Gnji', t) can be continuously extended to H\{i} for any fixed 
t S R, and 


\Gn,jiz, t)| < Af ^ 


uniformly on Dc x {i S R : |i| > T} whenever z' S which is any compact set in 

H, where M, T are positive constants depending only on Dc- 

Moreover, 


lim \Gn,jiz, s)\ = +00 and lim |(z — s)G'„j-(z, s)| = 0 

zeH.seR zeH,5eR 


for any s G R and n>2. 

In fact, Lemma 2.4 has provided an algorithm to obtain all explicit expressions 
of higher order Poisson kernels. The explicit formulae are in the following 

Lemma 2.5 im)- Let Gn,n-i and Gn be stated as in Lemma 2.4, then for any 
n> 2, 


Gn,n—1 {z, t) — 


(n — 1 )! 


{Z - t)Gn-l,n- 2 iz,t) 


(n — 1)! X (n — 2)! x (n — 2) x 2i 


r(z-i) 


n-2 


1 


(n- 1)! X (n-2)! x 2i 

n-2 


{z - tr-^ log 


t — i 


1 


- 

(n — 1)! X {n — 2)! x j x 2i 


t — z 

{z - tr-^-^z - iy 


and 


{(z-z) 


(2.1)G„(z,t) = 2ReUz- 




1 


-(n — 1)! X {n — 2)! x 2i 
1 


\Z - t|2(n-2) iQg 


t — i 


(n — 1)! X (n — 2)! X j x2i 
x{z- iy 

2(n-2) n-2 


1 


i^-1 S 2)! X i X 

(^_^) 2 („- 2 )-;-j(^_ .)jj| 


t — z 

-cl,_yz-zy 


0 

x(z — 


2i 
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= 2 Re|( 2 ; — 

n-2 


^{{z-z) 


1 




-(n — 1)! X {n — 2)! x 2i 

1 


.|2_t|2(n-2) iQg 


t — i 
t — z 




(n — 1)! X (n — 2)! x j x 2i 




\n-2-j 


x{z- iy 

2(n-2)2(n-2) 

^ ^ (n - 1)! X (n - 2)! x j x 


where C '^_2 aJ'e i/ie binomial coefficients, z G H onrf t G R. 


2.2. Higher order Pompeiu operators. In [3], Begehr and Hile firstly intro¬ 
duced a class of kernels and systematically defined a hierarchy of integral operators 
(Although some special class of these integral operators have already appeared in 
the works due to Dzhuraev El)- Their integral operators are some extensions of 
the area integral appearing in the classical Cauchy-Pompeiu formula. The latter is 
a weakly singular integral operator which was called T operator in the Vekua’s the¬ 
ory of generalized analytic function, which and its adjoint T operator, as well as 11 
operator and its adjoint 11 operator (formally, 11 =: dzT in the sense of classical or 
weak derivatives), play an important role in the study of Beltrami and generalized 
Beltrami equations as well as some second order complex elliptic equations. 

More precisely, the Begehr-Hile kernels are defined as follow 


Definition 2.6 ( [5]). Let m and n be integers, with m-|-n > 0 but {m,n) y (0,0), 
define 


( 2 . 2 ) 


(n —l)!7r ’ 


m < 0; 




^ -")!(-i)" z""-iz"-i, n<0; 


(m—l)!7r 


^m—1 z:n —1 


(m —l)!(n— 1) Itt 


m—1 n—1 

logkp- E i- E } 

k=i 1=1 j 


, TO, n > 1, 


where the summations are zero when to = 1 or n = 1. 


By means of the above kernels, Begehr and Hile introduced the following convo¬ 
lution integral operators, which are higher order analogues of T and H operators. 
So we call them higher order Pompeiu operators. 


Definition 2.7 ( j3]). For D a domain (bounded or unbounded) in the plane, 
formally define operators Tm,n,D, acting on suitable complex valued functions w 
defined in D, according to 


(2.3) 




D 


Km,n{z - Ow{C,)d^dT] 


= J J^Km,n{z - C)w{C)xD{C)dfdr] 

= Km,n * {wXd){z), 
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where xd is the characteristic function of Z?, z = x + iy and C = ^ + 777 . 


Obviously, 


T[)x,dw = - 


and 


T-is^dw = -- 


- / / 7 - d^dr], Ti^o,dw = -- 

J Jd Q- z tt 


^(0 rj. 1 

„ a_,,cu, = -- 




D C- Z 

wiC) 


D 


(.c-zy- 


;d^dri, 


so they are respectively just the operators T^w, T^w, H-dw and IIdr; in Vekua’s 
theory of generalized analytic functions. As a convention, = I which is the 

identity operator. 

When D and w satisfy some regularity properties, Tm,n,DW possesses some nice 
properties such as Holder continuity, integrability and differentiability. For 
instance, let Z? = C and w be a complex measurable function satisfying that 

(2.4) \w{z)\=o{\z\-^-^-^), asz^oo 

for some (5 > 0 , then as m + n > 2 and w £ Lf^^(C), or m + n> 1 and w £ Ly^^(C) 
with p > 1 , 


dzTm,n,C‘^ — — and dzTm,n,C'^ — 

hold wholly in C in the sense of Sobolev’s generalized derivatives. Moreover, 

dzTi^o,cw= dzTo,i,cw= w 

also hold in C even as p = 1 in the sense of Sobolev’s generalized derivatives. 

In the sequel, we only need to use the kernels Kn^n and the operators Tn^n,D 
with n > 1 in a modified version. In our case, for any p > 1, it is easy to see that 
Kn,n{z — C) is not L'P integrable with respect to z G H and C G K when the another 
variable is fixed, and Tn^n,iiw{z) is not integrable in H, M or H even if w obeys 
the condition (2.4). So we must make some modifications for ZG„_„ and to 

obtain the integrability for which will be a crucial ingredient in the 

method of below. Before tackling the main problem, we need some preliminaries 
stated in what follows. 


Definition 2.8. Let f{z) be a continuous function defined in C which can be 
expanded as 

m 

f{z)= c„(^)kr 

n— — oo 

for sufficiently large |z|, where m > —2 and the coefficient functions Cn{z) are 
continuous in C. Denote 

m 

S.P.[/](z)= ^ c„(z)|zr 

n^-2 

and 

00 

I.P.[/](z) = ^c_„(^)k|-” 

n—3 

for sufficiently large \z\. If I.P.[/](z) is integrable in {z G C : |z| > Z?} with 
some sufficiently large Z? > 0, then S.P.[/] is said to be the singular part of / and 
I.P.[/] is said to be the integrable part of / in the sense of integrable, p > 1. 
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To make the kernels Kn,n become integrable, according to the above defini¬ 
tion, we need try to expand them as a sum of singular part and integral part of 
them (then discard their singular parts). Fortunately, this can be done by intro¬ 
ducing the ultraspherical (or say, Gegenbauer) polynomials, and Qf'\ which 
can be defined respectively by the generating functions as follows: 


(2.5) (i_2re + r2)-^ = ^p/^)(e)r' 

1=0 

and 

OO 

(2.6) (1 - 2<-hr^)"'^log(l - 2r^ + r'^) = ^Qp^(^)r', 

1=0 


where A ^ 0, 0 < |r| < 1 and |^| < 1. and have the following explicit 
expressions: 


(2.7) 


and 

( 2 . 8 ) 


141 

=E(-i) 


r—0 


r{i-j + x) ^r,c^^- 2 J 


j=o 


nxMi - 2j)\ 


my 


Q\ 


(A) 




(A) 


(0 


[^1 l-J-1 

=E E 

j—Q k—0 


V{l-3 + X) 


(A + fc)r(A)j!(Z-2j)! 


(20 


l-2j 


where [|] denotes the integer part of For some special values of A, say A = 
Aq, the above expressions may be extended and interpreted as limits for A —Aq 
( for example, A is a non-positive integer). The properties of the ultraspherical 
polynomials can be also found in [T1[27]. 

For sufficiently large |C| > \z\ and any real numbers A 0, 


(2.9) 


N-Cr^" = (ICp-2Re(zC) + |zn-" 
= icr^" 




-A 


= icr^"ERE(cos(0-o) 


= j2\4prHcos{0-dmm^"^\ 


1=0 


where z = |z|e*® and C = |C|e*’’. 
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Similarly, we have 

( 2 . 10 ) 

| 2 -C|-""iog| 2 -CP 

2 -CP 


=k-ci 


-2A 


log¬ 


ics 


=(|CP - 2 Re( 2 C) + kp) 


2\-A 


2 log Id 

ICP - 2 Re(<) + kp 


log- 


ICP 


■2 log Id 


=ld 


-2A 


Id 


1-2 ^ cos(.-i^)+ ^ 


Id 


-A 

(log 


Id 


1-2 ^ cos(.-i^)+ ^ 


Id 


+ 2 log Id} 

OO /||\^ /ll\^ 

=id-^" E 1^1 ^^E(cos(0-^)) ^ 

1^0 \lsl/ visl/ 

OO OO 

=E - i?))id-('+"^) + 2E id'iog id-pE(cos(0 - i?))id-('+"^p 


1=0 


1=0 


With the above preliminaries, we define modified Begehr-Hile kernels and Higher 
order Pompeiu operators on the upper half-plane in the case of m = n as follows 

Definition 2.9. Let Kn^n be as above, and w be a suitable complex function in 
H, then for any z, C G H and z ^ define 


Kn,u{z-0, k| = Id, 

if„,„(^-C)-s.p.[iG„.„]( 2 ,C), kl?^ld, 


( 2 . 11 ) Kr,,n{z,0 = 

where 

( 2 . 12 ) 

. 2 n 

S.P.[iL„.„](z,C) = r. _^.,p X {[EqE”Hcos(0-i1)) 


X min 


C + i 


;=o 


z + i 


C + i 


X max(|z + zp”-MC + ip”-") 


-h 2 


log(max(|z i\, 1C -t f|)) “El 

k^l ^ 
2n 

X 1^^^ Pj*-^~"^(cos(0 — d)) X min j 
1=0 

xmax(|z + fp"-MC + ip”-")]} 


z + i 


C + i 


z + i 


C + i 


and 

(2.13) 


rn.n,Hw( 2 ) = / / Kn^„{z,C)w{C)d^dr], 


H 
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where z + i = \z i\e^^ and C + * = 1C + Kn,n and are respectively 

called to be modified Begehr-Hile kernels and higher order Pompeiu operators of 
(n, n)-typed on the upper half-plane, more concisely, (n, n)-typed mBH kernels and 
mHOP operators on H. (In Section 4, we also simply use r„^H instead of 


Remark 2.10. In the above definition, the —i can be replaced by any other point 
zq € C \ H, i.e., any point in the lower-half plane, whose role is to assure the 
integrability of S.P.[i4r„,„] in any bounded subset of H. 


Now we study some properties of the kernels and the operators Tn^n,H for 
any n € N. 

Theorem 2.11 (Estimate of ICn,n)- Le-t D be a compact subset o/H, denote Md = 
maxi^gD |z -f t|, then 

(2-14) \Kn,niz,C)\ < 

for any z € D and C G H \ B{—i, R) with R > Md, where 0 < e < 1, the constant 
M depends only on n,e,MD and R. 


Proof. Since z £ D and C G H \ B{—i, R) with R > Mjj, then |z -|- z| < |^ -|- z|, by 
a similar argument as the following (2.40), we further have that 

(2.15) 

|iG„.„( 2 ,01 = |I.P.[iG„.„](^. 01 < O, Md/R) \z + z|2"+i [1 + I log 1C + z| |] 

< C (n, e, Md/R) MI-+^ 


for any 0 < e < 1, where C{- ■ ■) are some constants depending only on the quan¬ 
tities in the parentheses. In the last inequality, we have used the elementary fact 


lim. 


p^+oo ^ = 0 as 0 < e < 1 . 


□ 


Theorem 2.12. Let Kn,n be as in the above definition, then for any z,C G H and 

( 1 ) Kn,n{z,C) = KnAC^z); 

( 2 ) /\„knAz,0 = 4X„_i,„_i(2;, 0 , where = 4g|0 = ^ and z = 

X + iy. 

Proof. By the definitions of and Kn,n ■, the claim (1) is obvious. To verify 
( 2 ), by a direct calculation, we have 

(2.16) AKnAz, C) = 4X„_i,„_i(z, C) 

for any 2 ;, ^ G C and z ^ f. So 

(2.17) A\knAz, C)+S.P.[iG„.„]( 2 , C)] = 4X„_i,„_i(0, 0+4 S.P.[K„_i,„_i](z, C), 

further 

0 - 18 )^ 

AKnAz, 0 - 4iG„_i,„_i(z, 0 = 4S.P.[X„_i,„_i](0, C) - AA.P.[Kn,n]iz, 0 

for any 2 ;, ^ G H and 2 : 0 C- For sufficiently large |C| (thus |C + *I); by Definition 2 . 8 , 
Theorem 2.11 and the expansion expression of as a series of , the RHS 
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of (2.18)=0(1/|C + with 0 < e < 1, while the LHS of (2.18)=0(1/|C + i\^)+ 
higher order terms of |C + i|. Since the series is absolutely convergent when \z + i\ <C 
IC + z|, then by differentiating term by term and comparing the coefficients (with 
respect to of two hand sides of (2.18), we obtain that 

(2.19) A,i^„,„(z, C) = 0 

and 

(2.20) A,S.P.[i^„,„](z, C) = 4S.P.[X„_i,„_i](z, C) 

hold for any sufficiently large |C| (and thus for all |C|). □ 

Remark 2.13. Note that 

(2.21) dzkCn,niZ'T — R^n—l,n{z^^ afld T C) ~ ^n,n—liZ'^ C\ 

by a similar argument, we can prove that 

( 2 . 22 ) d^Kn,n{z,C) = Kn-l,n{z,C) and d^kn,ri{zX) = Kn,n-l{z,C,) 

and 

(2.23) 

5,S.P.[if„,„](z,C) = S.P.[if„_i,„](z,C) and a^S.P.[X„,„](z,C) = S.P.[X„,„_i]( 0 ,C). 

By (2.20) and (2.23), there are some identities implied in them for which we will 
not pursue to detailedly get in the present paper. 

Definition 2.14. Let lu be a nonnegative locally integrable function defined on H 
with values in (0,oo) almost everywhere, For any A:,a > 0, if w satisfies that 

(i) 1C + (1 + I log 1C + z||) u;-i(C) G L“(H); ^ 

(ii) 1C + i\^ (l + I log 1C + *||)^ 1C + i|“w“^(C) G L~ (H) as p > 1, 

then w is called to be a (p, k, Q;)-weight on H. Denote 1F^’’^’“(H) be the set that 
consisting of all (p, A:, a)-weights on H. (Note that, two conditions (i) and (ii) are 
the same as p = 1 .) 

Remark 2.15 (The properties of 1FP’*’“(H)). It is easy to check the following nest 
relations: 

(2.24) 1FP’'=’“(H) c 1FP’'’“(H) c 1F«’'’“(H) c 1F«’'’^(H) 
for any p>q>l, fc>l>0 and a > (3 > 0. 

Theorem 2.16 {Rp boundedness of Tn,n,ii)- Tn,n,ii be as in Definition 2.9, 
g 1FP."’§(H) and W 2 G 1FP’"’5(H) then Tn nM is bounded as a linear operator 
from LP^(H) to L^’(IR), or from LP^(H) to LP(H) for any p > 1. More precisely, 

(2.25) rn.«,H/||LP(R) < q|/||LS,JH) 

and 

(2.26) ||T’n.n,H/||LP(H) < C'll/II (H) 

for any p > 1, where (H) denotes the set of all weighted Rp integrable functions 

on H with the weight Wj, j = 1,2; C are some constants depending only on n and 

P- 
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Remark 2.17 (Subspaces of L^(H)). In fact, from the above condition (i) in Def¬ 
inition 2.14, LP (H) becomes a subspace of LP(H) (by a standard argument, i.e., 
using the completeness of LP(H) and Fatou’s lemma). Here denotes the set 

of all weighted integrable functions on H with the weight w G 1FP’^’“(H). 


Proof. We only verify (2.25), (2.26) is similar. To do so, we first establish the 
following estimate 

(2.27) [ |X„_„(x,C)rdx<C„,p[|C + ^P”-"(l+|log|C + i||)nC + *l^ 

Jr 


where Cn,p is a constant depending only on n and p. 

To get the above estimate, for any fixed C G H, split 

(2.28) 

f \Kn^ri{x,C)\Pdx = ( f + f 

Jm. \*^|a:+^|<2|C+2|, J |a:+'i|> 2 |C+z|, 

It is easy to know that 


\Kn,nix,0\Pdx=:I + II. 


(2.29) I<Cp{ f \K^,r^{x - CWdx 


yJ|a:+'i|<|C+'i|, |C+*| < |a:+z| <21^+41, 

= /l -I- /2 -I- I 3 , 


is.p.[i^„,„](x,c)rdx} 


where Cp is a constant depending only on p. 

For Ii, since |a; — Cl < 3|C + i\ when |a; -b z| < 2|C -b i\ and a; S M, we have 

(2.30) |if„.„(x - 01 <Cn\x- (1 + I log 0 - Cll) . 

So 

(2.31) Ii<C{n)\(: + i\^^^-^'>P [ (1+I log 0-Cll)'’da; 

•/|a:+i|<2|^+z|, a:GE 

<C(n,p)|C + z|"("-')^ f (l+|logO-Cir)dx 

<C'(n,p)|C + z|"("-')^+' (l+|log|C + a|r) 

< C(n,p)|C + zO"-i)P+i (1 + I log 1C + zll)'’, 

where C{- ■ ■) are some constants depending only on the quantities in the parenthe¬ 
ses (The same conventions are also applied in the above (2.15) and what follows). 
For I 2 , in this case, since |a; -b z| < |C + 0 by ( 2 . 12 ), then 

(2.32) |S.P.[if„,„](x, 01 < aiC + *1"^”“'^ (1 + I log 1C + *l|) ■ 

Therefore, 

(2.33) I 2 < Cin)\(: + {1 + lloglC + i\\Y [ Idx 

|a:+z| <2|4'+'i|, a:GE 

< ^(OIC + (1 + I log 1C + *11)'’• 

For I 3 , similar as the last case, we have that 

(2.34) |S.P.[iF„.0(x, 01 < Cn\C + (1 + I log 0 + a| I) , 
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and further 

(2.35) /3 < + / {1 + \\og\x + i\\Y dx 

J|C+i|<|a;+i|<2|C+i|, a;GR 


< C{n)\(: + i|2(—1)P f ( 1+1 log |x + f 11)^ dx 

^|a:+z| <2|(^+i|, ai^K. 

< C(n,p)|C + zp(-i)P+i (1 + I log 1C + zll)'’. 

From (2.29), (2.31), (2.33) and (2.35), we get 


(2.36) I < C{n,p)\C + z|2("-i)p+i (1 + I log |C + *| |)^ . 

Next turn to II. By Definitions 2.8 and 2.9, in the case of |a: + z| > 2|C + i\ (so 

IS^|g(04))> 

(2.37) 

Kn,n{x, C) = I.P.[i^„,„](x, C) = C{n) [Cn{x, () + Cn{x, C) log \x + z|] ^^, 

\x + zl'^' 

where C(n) is a constant depending only on n, 

(2.38) c„(x, C) = 1C + [(1 - 2 r-cos (0 - d) + r^)-! 

log(l — 2 r cos (0 — d) + r^) — 2 — I 

r=p 

and 

(2.39) d„(x, C) = 1C + [(1 - 2 r cos (0 - z9) + r^)"-^] | _ 

in which 0 < p, g < ||^ < 5 . Since p, g G (0, 5 ), then 1 — 2rcos(0 — d) + G 
(j, I). Thus there exists a positive constant M = M{n) depending only on rz, such 
that 

(2.40) |c(a;, C)| < Af(n)|C + and |c(a;, C)| < M(n)|C + 


So 

(2.41) 



< C(„.ri|C + +"->«[(2|C + .|)-'+ 

<C{n,p)\(: + iY^-^^P+Y 
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where the fact |C + *| > 1 is used. Using such fact once again, (2.27) follows easily 
from (2.36) and (2.41). 

By (2.27), using Minkowski’s inequality for integrals and Holder inequality. 


(2.42) 

\\Tn,n,Hf\\LP(R) < 



\Kn,n{x, 


P 


f{C)d^df] 



q 

p 


\Kn,n(x, C)\^dx 


Wi ’’iOd^dr] 






< C{n,p) 


H 


[ic- 


|2n—2 


(1+ |log|C + i||)]^|C + ihw'i^(C) 


II/IIls,i(h) 

< c(»^,p)II/I 1 lp,(h) 



since wi G 1 U^’"’ 2 (H), where i + i = 1. Thus we obtain the desired (2.25) and 
the theorem completes. □ 


P-1 

P 


Theorem 2.18 (Differentiability of T„_„_h/)- Let Tn^n,H be as before, then 

(2.43) Af„,„,H/(2) = 4f„_i,„_i,H/(^), ^GH 

for any n > 2 and f G L^(H) with p > 1 in the sense of classical derivatives. 
Moreover, 

(2.44) Afi,i.H/(^) = 4/(z), zGH 

for any f G LP(H) with p > 1 in the sense of Sobolev derivative. 


Proof. Invoking Theorems 2.11 and 2.12, (2.43) can be verified by a similar argu¬ 
ment as to Theorem 3.3 in [13]. Here the details are completely omitted. 

To prove (2.44), we first note that 


(2.45) 


log|0-C|"=log(l-^l Tlogfl-^ * 


c + * 


= -E' 


1=1 


C + i 


z — i 

C-i 


c- * 

i 


+ log|l + CP 
+ log|l + C|" 


when |C + *| > k + *|) where the analytic branch of logz is that one cutting along 
the positive real axis with logl = 0. So by Definition 2.8, 

(2.46) 

'0, as|z-|-i| = |C + *| and z ^ 


S.P.[7Ci,i](z,C) 




log max (|1 -I- zp, |1 -I- CP) 


as \z + i\jt= |C + «I, 


where (z)< = min{z, z with z 0. Thus 

(2.47) A,S.P.[ifi.i](z, C) = AcS.P.[iGi,i](z, C) = 0 
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for any z ^ C in the sense of classical derivative. Therefore, in the sense of Sobolev 
derivatives, 

(2.48) A,i^i,i(z,C) = A,ifia(^,C) + A,S.P.[ifi,i](z,C) 

= A,Ki,i(z,C) (=4(i.(C)) 

= (=4<5c(2)) 

= AcXi,i(z,C) + AcS.P.[ifi.i](z,C) 

= AcXi,i(z,C), 


where 5z denotes the Dirac function on H taking the unit mass to the point z G H. 

Since / S LP(H) with p > 1, by Lebesgue’s dominated convergence theorem, it 
is easy to know that Ti^/ G (7100(11). Then for any p G (7“(H), we have 


(2.49) 


Tisfiz)Az(piz)dxdy = 


H 


H 


H 


Ki,iizX)fiC)d^dr]] Az(p{z)dxdy 


= I I (// ^iA^’0^z(p{z)dxdy'^ fiOd^dr] 

^ I lui.! I ^^^^di^>0^iz)dxdy'^ fiOd^dr] 

^ I IhU fiOd^dy 

= / J^4:f{CM0d^dy, 

where the second equality is justified by Fubini’s theorem and Theorem 2.16 since 
Azp G (7(j”(H) G TP(H) for any weight w G 1^94,1 (h) with g > 1; the third 
equality is immediately from the integral by parts; and the penultimate equality is 
obtained by (2.48). However, (2.49) is just the desired (2.44) in the sense of Sobolev 
derivative. □ 


Theorem 2.19 (Nontangential boundary value of T„_„^h/)- Let Tn,n,H and f be 
as in the above theorem, then 

(2.50) lim r„.„,H/(2 ) = T7,„,h/(s) 

zGr<»(s),sGR 

for any n G N. 

Proof. In virtue of Theorem 2.11, it follows from a similar argument as to the 
verification for the property 5 of the higher order Poisson kernels defined in m in 
terms of the estimate techniques of integral splitting. Such techniques have been 
used in the proof of the above Theorem 2.16. The details can be found in the 
argument of Theorem 2.7 in m, and omitted again here. □ 


3. Uniqueness of solution for homogeneous PHD problem in the 

UPPER HALF-PLANE 

In order to get the uniqueness of the solution of the inhomogeneous PHD problem 
under question, in this section, we will give a certain estimate under which the 
solution of the corresponding homogeneous PHD problem obtained in m is unique. 
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To do SO, we need exploit the following standard theorems in classical harmonic 
analysis. 

Lemma 3.1 ( [55]). Let f G Lp{M.), 1 < p < oo, and u{z) be the Poisson integral 
of f (in our notations, u{z) = ^ Gi(z,t)f(t)dt, z G Hj , then 

(3.1) M[m](xo) = sup \u{z)\ < CaMf{xo), 

zSiTccixo) 

where rQ,(a:o) is the cone in H with the vertex at (xq, 0) and the aperture a, xq G R., 
a > 0; Ca is a positive constant depending only on a, M[rt] is the non-tangential 
maximal function, and DJlf is the standard Hardy-Littlewood maximal function de¬ 
fined by 

1 i-xo+p 

(3.2) DJlf (xo) = sup— \f{x)\dx. 

p>0 J XQ—p 

Lemma 3.2 (Hardy-Littlewood maximal theorem, see [H]). Let f G L^(R.), 1 < 
p < oo, then dJtf is finite almost everywhere on R . Moreover, 

(1) If f G L^(R), then ‘SSlf is in weak-L^((EI) (which is usually denoted by 
L^'°°(M.)), more precisely, 

(3.3) |{xGR: W(^) >A}| < ^||/||li(r); 

(2) If f G LP{W), I < p < oo, then 

(3-4) I|9^/IIl!>(r) < ^pII/IIlp(r), 

where \E\ denotes Lebesque’s measure of the set E, Ap is a constant de¬ 
pending only on p, DJlf and a be as in the above lemma. 

By Lemmas 3.1-3.2, immediately, we have 

Corollary 3.3. Let M, a and u be as above, then 

(3.5) ||M[u]||ip(R) < C'p,a||/||LP(R) 

for any f G L^(R) with 1 < p < oo, where Cp^a 'is a constant depending only on 
p, a. Moreover, 

2C 

(3.6) |{a:: G R : M[m](x) > A}| < —^||/||li(r) 

for any f G L^(R), and for any f G LP(R), 1 < p < oo, M[u] is finite almost 
everywhere on R, Ca is the same as in Lemma 3.1. 

Now we can give the existence and uniqueness of solution to the corresponding 
homogeneous PHD problem associated with the inhomogeneous PHD problem (1.1). 

Theorem 3.4. Let {G„(z, be the sequence of higher order Poisson kernels 

defined on H x R, which are defined in Definition 2.1 and explicitly expressed in 
Lemma 2.5, then for any n > 1, the following homogeneous PHD problem 


(3.7) 


A”u = 0 in H, 
A^u = fj on R, 
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where fj € 0 < j < n — 1, 1 < p < oo, and the boundary data are non- 

tangential, is solvable and a solution is 

Al—j r-\-oo 

(3.8) u{z) = Y^ - / Gj{z,t)fj-i(t)dt = ^Mjfj_i{z) 

7=1 7=1 

which satisfying that 

n 

(3.9) ||M[„ - -^7/7-i]IIl*’(R) — C'p,q||/o||lp(R), 

7=2 

where Cp^a is a constant depending only on p and a, the operator Mj is called to 
be the j-th order Poisson integral operator defined by 

41-7 r+°° 

(3.10) Mjf{z) = - / Gj{z,f)f{f)dt 

for some appropriate f. Moreover, the solution (3.8) is unique under the estimate 
of type (3.9). 


Proof. The existence of solution of the form as (3.8) was the main result in [llj . 

To the solution (3.8), the estimate (3.9) readily follows from Corollary 3.3. Now 
turn to the uniqueness. Suppose that v is another solution of the homogeneous 
PHD problem (3.7) under the estimate of type (3.9), then u — v is a. solution of the 
following homogeneous PHD problem with vanishing boundary data as follows 

(3.11) |A"u = 0 7nH, 

I A-iu = 0 on K.. 

Now the corresponding estimate of type (3.9) associated with u—u is that ||M[u]||iP(R) < 
0. So by the definition of M[u], the desired conclusion, that u = 0 a.e. on H, follows 
immediately. □ 


4. Inhomogeneous PHD problem in the upper half-plane 

With the above preliminaries, we can conclude with the main result of the present 
paper in this section. That is the following 

Theorem 4.1. Let Tj^h, Mj, M and a be as before, 1 < j < n, then for any 
fi G L^(R) and g G L^(H) with w G (H), 0 < Z < n — 1, the inhomogeneous 

PHD problem (1.1) is solvable and a solution is given by 

(4.1) u{z) = f^fn,ngiz) + ^ Mj (fj-i - —f—fn+l-j.Mg \ {z) 

which satisfying the following estimate 

(4.2) 

1 ~ " 1 ~ 

■ r„+i_j-^Hg)]||LP(R) < C" (||/o||lp(r) + ||g||L 5 ,(H)), 

7=2 

where C is a constant depending only on n,p and a. Moreover, the solution (4.1) 
is unique under such typed estimate (4-3). 
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Proof. Since g G C L^(H) with w G (see Remark 2.17), let 

h = Tn^ug, then by Theorem 2.18, A^h = ^^Tn-j.tig (in classical sense) and 
A”/i = 4”g (in Sobolev sense) in H, 1 < j < n — 1. Set v = u — ^h,hy these facts 
and Theorem 2.19, so v satisfies the following homogeneous PHD problem 


(4.3) 


A"v = 0 m H, 

ah = fj - J~fn-j,ug on M, 


where 0 < j < n — 1. Noting Remark 2.15, by invoking Theorem 2.16, we know 
that 


(4.4) 


\Tn-j,iig\\LP{R) < C'I|3||lS,(H) 


for any 0 < j < n — 1 and g G T((,(H) with w G 1TP’”’2(H), where C are some 
constants depending only on n, j and p. So by Theorem 3.4, a solution of (4.3) can 
be given by 


(4.5) 


■■(-) = E 


41-j 


f + OD 


Gj{z,t) 


1=1 




dt 


i=i 


fj-lit) An+i_jTn+l-jM9 


(z), 


and it is unique under the following estimate 


1 ~ 1 ~ 
(4.6) |lM[u-^M,(/,_i--^T„+i_,-Hff)]||LP(R) 


1=2 


H 


Therefore, by (4.4), the unique solution u of the problem (1.1) under the estimate 
of type (4.2) is given by (4.1). Thus the theorem completes. □ 

Remark 4.2 (The estimate in the case of ru G 1TP’”’5(H)). By (2.26) in Theorem 
2.16, the solution (4.1) also satisfies the following estimate 


n 


(4.7) 


1 


|w-^Mj(/j_i - Tn+i-j.ug)] ||lp(h) < C'||5||l£,(h)) 

1=1 


where C is a constant depending only on n and p. It is easy to obtain that the 
solution (4.1) is also unique under the estimate of type (4.7). 

Remark 4.3 (Green functions for polyharmonic operators on H). Rewrite (4.1) as 

(4.8) u(z) = —T„,h - E g{z) + ^ M,-/j_i(z), 

1=1 1=1 

so from the first term in RHS of (4.8), we obtain a Green function for A" on H by 

(4.9) 

Qn{,Zi(,) ~ ^71 0 ~ ~ ' Kn+l—j,n=+l-j j G j {z ,t) Kn+l—j,n+l—j{t, C)dt 


4” 1 
1 

4” 1 


1=1 

4J-1 AL 

TT 


Kn,niz,f') \ ' Mj Kji+l—j^n+l—j{z, 

TT • ^ 

1=1 
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By noting the estimates of Gn and Kn,n, stated respectively in Definition 2.1 (i.e., 
the property (2)) and Theorem 2.11, we know that the integrals in this formula 

are absolutely convergent for arbitrary z, ^ G H and z ^ Q. It is easy to get that 

Qn{z, C) = z) for z, C G H with z ^ C,, and !/„(•, () = 0 on R for any ^ G H. 
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